A de Broglie-Bohm like model of Dirac equation, that leads to the correct Pauli equations for electrons and positrons in the low-speed limit, is presented. Under this theoretical framework, that affords an interpretation of the quantum potential, the main assumption of the de BroglieBohm theory-that the local momentum of particles is given by the gradient of the phase of the wave function-wont be accurate. Also, the number of particles wont be locally conserved. Furthermore, the representation of physical systems through wave functions wont be complete.
Introduction
We'll show that Dirac equation can be interpreted as describing the motion of four currents of particles, under the only action of the electromagnetic field, with four-velocities given by the equations
where ±S i are the phases of the components of the wave function, in such way that there are not negative energies, and the functions Φ i are hidden variables. This leads to the correct Pauli equations for electrons and positrons in the low-speed limit, whenever the zitterbegwegung terms can be neglected. Within the theoretical framework of this work, the main assumption of the de Broglie-Bohm theory of quantum mechanics [1] is not valid and a picture of particles moving under the action of electromagnetic field alone, without any quantum potential, emerges. However, the number of particles is not locally conserved. Which is very well known, as a matter of fact. Also, given that hidden variables have been introduced-on the grounds of some general electrodynamic considerations, given in the first section-the representation of physical systems through wave functions wont be complete and, therefore, as foreseen by Einstein, Podolsky, and Rosen, quantum mechanics wont be a complete theory of motion.
On the Motion of Particles Under the Action of Electromagnetic Field
Consider a non-stochastic ensemble of particles whose motion is described by means of a function r = r( x, t), such that r( x, t) represents the position, at time t, of the particle that passes through the point x at time zero-the x-particle. This representation of motion coincides with the lagrangian representation used in hydrodynamics [2] . As to the function r( x, t), we suppose that it is invertible for any value of t. In other words, that there is a function x = x( r, t), that gives us the coordinates, at time zero, of the particle that passes through the point r at time t. Also, we suppose that r( x, t) is a continuous function, altogether with its derivatives of as higher order as needed to secure the validity of our conclusions.
According to the definition of r( x, t), the velocity of the x-particle at time t is
Writing x as a function of r and t, we get the velocity field at time t:
v( r, t) = u( x( r, t), t).
Lets consider the corresponding four-velocity:
Using four-dimensional tensorial notation, the derivative of v µ with respect to the proper time, along the world-line of the corresponding particle is:
we prove that
that allows us to write
If the four-force acting on the ensemble of particles has an electromagnetic origin, it is given by the expression
where
is Faraday's tensor, and A µ is the electrodynamic four-potential. From the law of motion m dv µ ds = f µ , and equations (2) to (4) we prove that
There is a class of solutions of equations (5) where p µ is the four-gradient of a function of space-time coordinates
Therefore,
and (5) is obviously satisfied. Equation (6) can be written in the form
If the four-potential meets the Lorentz condition,
equation (8) is analogous to the decomposition of a classical, three-dimensional field, into an irrotational and a solenoidal part. The electromagnetic field appears thus as determining the four-dimensional vorticity of the field of kinetic momentum mv µ . Equation (1) tells us that functions φ are not arbitrary, but are subject to the condition:
which is the relativistic Hamilton-Jacobi equation.[3, Ch. VIII] The components of the kinetic momentum are:
where V and A are the components of the electrodynamic four-potential. In the low-speed limit, we have
.
From this and (11) we get:
that, but for the constant term mc 2 , is the non-relativistic Hamilton-Jacobi equation.
A de Broglie-Bohm Like Interpretation of Dirac Equation
Lets consider Dirac equation for particles of mass m and charge q, under the action of an electromagnetic field that meets the Lorentz condition(9):
where ψ = ψ † γ 0 . It is easy to show that:
Therefore:
Considering that:
we can prove now that
The divergence of the second term of the right side is zero. Therefore we guess that the current of particles could be given by:
which is made of four terms:
(22)
are the components of the wave function. The current (20) is thus seen as the sum of four fluxes. According to (6), the first two can be interpreted as fluxes of particles of charge q, while the last would represent fluxes of particles of charge −q. Equations (21) suggest that we could define the corresponding four-velocities from:
but this is not sound, because in such case we should have:
which is not true. However, given that those four-vectors have already the required four-vorticityfor particles under the action of an electromagnetic field-, we suppose that there exist functions Φ 1 , Φ 2 , Φ 3 , and Φ 4 , such that the four-velocities are given by the equations: mv
The divergence of the current of particles:
-that is not proportional to the electrical current-will then be:
which is not zero, and, consequently, the number of particles wont be locally conserved.
From Dirac equation we can show that
where F µν is Faraday's tensor or:
where we have written the wave function in the form:
Let's consider a component of ψ:
The terms in the left side of equation (28) are
From this we can separate the real and imaginary parts of the equation that results from left multiplying (28) by ϕ † :
i=1,2
In a similar fashion:
i=3,4
Adding equations (32 & 34), considering that σ · E is an hermitian operator, we obtain the equation: ∂ µ j 0,µ = 0, which was already known. From equations (24):
This allows us rewrite equations (31 & 33) in the form:
In the low-speed limit:
where v is the classical velocity. Therefore:
In this limit also:
-where A is the vector potential of the electromagnetic field-from equations (36, 37 & 39), we get an approximation for the kinetic energy:
and
From the definition of the four-velocity:
where V is the scalar potential of the electromagnetic field. From these equations and (41 & 42), we find that the components of ϕ and χ can be obtained in the low-speed limit as solutions of the system: 
whilst the components of χ can be chosen as solutions of:
Therefore, at least in the limit where the spinorial part of the Hamiltonian can be considered small, the components of ϕ and χ can be chosen as solutions of the non-linear Pauli equations:
that become linear when U ϕ and U χ are neglected. Actually, through the Madelung substitutions (22), it can be shown that any solution of the system (51-52) is a solution of (47-48-32-34), whenever the zitterbegwegung term can be neglected.
In the general, relativistic, case, we recover a picture of particles moving under the action of the electromagnetic field alone, although the number of particles is not conserved. Which is well known to happen, as a matter of fact.
As to the nature of the functions Φ i , we see that they are restricted by the condition:
required by the principle of conservation of electrical charge. Also, they are solutions of equations (36 & 37).
Conclusions and Remarks
If the ideas exposed in this paper are proven to be valid:
1. The main assumption of the de Broglie-Bohm theory-that the local impulse of quantum particles is given by the gradient of the phase of the wave function-wont be accurate.
2. However, there will be still room for a classical interpretation of quantum phenomena, in terms of particles moving along well defined trajectories, under the action of the electromagnetic field.
3. The number of particles wont be locally conserved.
4. Given that four hidden variables have been introduced-after some considerations on electrodynamics-the representation of physical systems through wave functions wont be complete and, therefore, as foreseen by Einstein, Podolsky, and Rosen, quantum mechanics wont be a complete theory of motion.
